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This paper introduces classes of uniformly geometric functions involving constructed differential operators by means of
convolution. Basic properties of those classes are studied, namely, coefficient bounds and inclusion relations.

1. Introduction

Throughout this paper, we are dealing with complex func-
tions in the unit disc U = {z € C : |z| < 1}. More precisely,
we are dealing with analytic functions of the form

fl@)=z+ Zakzk, )
k=2

and we refer to them by /.

The subordination between analytic functions f(z) and
g(z) is written as f(z) < g(z). Conceptually, the complex
function f(z) is subordinate to g(z) if the image under g(z)
contains the images under f(z). Technically, the complex
function f(z) is subordinate to g(z) if there exists a Schwarz
function w with w(0) = 0 and |w(z)| < 1 for all z € U; such
that

f)=gw(z)), zel. 2)

Let us consider the differential operators R, and Dj
introduced, respectively, in [1, 2]. Then, the convoluted oper-
ator of both of them is

D), f (2) =D} f (2) = R, f (2)

- <z+ i (1+A(k- 1)]"akzk>

k=2

x <z+ i [1+A (k- 1)]"C(oc,k)akzk>

k=2

=z+ Y [1+A(k-1)]"C(a k) aiz".
k=2

3)

The operator D can also be written as

z

Da)/\f(z)=(p(z)*--'*cp(z)*f(z)*m

2n-times
* f(2) (4)
=@(2)* - x9(2) * f(2) * R f (2),
2n-times
where

(2) = z Az B Az
¢ l-z (1-z)

(5)

1-z

A complex function f € o is said to be in the class €(#)
of convex functions of order # in U, if

ZR{I+Z]J:,((Z"Z))}>17, zel, (6)

where 1 € [0,1).
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On the other hand, a complex function f € & is said to
be in the class §* (1) of starlike functions of order # in U, if

m{z}((z)}m, zel, 7)

where 77 € [0, 1). The classes §*(#) and €(#) are introduced
in [3].

Notice that the classes & = §£*(0) and € = €(0) are
the classical classes of starlike and convex functions in U,
respectively.

A complex function f € o is said to be in the class of
uniformly convex function of order 7 and type {, denoted by
UBY ((,n), if

Zf” (2) } Zfll (2)
Ril+ >
RS e Rivie
where { > 0,7 € [0,1) and { +# > 0, and is said to be in a
corresponding class denoted by § 2((, ) if
#f' (2) } #f' (2)
R > -
SEalkivie
where { > 0,1 € [0,1) and { + 7 > 0. The classes €7 '({, )
and §2((,#) are introduced in [4].

The relation between classical starlike and convex func-
tions, obviously, led us to the following relation.

+1, zel, (8)

I+, zel, 9)

feuer ((n) =

zf' € SP ().

The classes SP({, 1) and X €7 ({,n) generalised other
several classes. For { = 0, we obtain the classes & (#)
and €(y), respectively. The class €7 (1,0) = UEY is
known as the uniformly convex functions introduced in
[5]. The class §%(1,0) = &SP is introduced in [6]. The
classes 467 (1,) = UGV (n) and SP(1,1) = SPH)
are investigated in [7]. For = 0, the classes Z€7'({,0) =
(~UE7 and SP({,0) = (-5 P, respectively, are introduced
in[8,9].

Also, the classes $P((,1) and €7 ({,n) have been
studied by Al-Oboudi and Al-Amoudi [10], involving certain
differential operators.

(10)

2. Geometric Interpretation

The complex functions f € $P({,n) can be geometrically
interpreted as follows.

feUe? ({n) =

" (11
Z;, (() lies in RCW

where R; , is the conic domain included in the right half plane
such that

R()n={u+iv:u>(: (u—1)2+v2+;7]». (12)
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On the other hand, the complex functions f €
UEY ((,n) can be geometrically interpreted as

fesP(ln) = (13)
Z; (iz)) lies in R{’”. (14)

Denote by P(P;,) (¢ =0, -1 <75 < 1) the class of
functions p, such that p < P, where P denotes the class of
positive real part functions in U, and p € 9. The function
P, provides a conformal mapping between the unit disc and
the domain R;, such that 1 € R, and where the boundary
of Ry, can be parameterised by

2
oR;,, = {u+zv u —(C (u—1)> +v2+11) ]» (15)

By few steps of computations, dR;, appear as conic
sections that are symmetrical around the real axis. Therefore,
domain R;, is an ellipse for { > 1,aparabolafor{ = 1,a
hyperbola for 0 < { < 1, and a right half plane u > # for
(=0.

Involving the operator D! . given by (3), we introduce the
following classes.

Definition 1. The complex functions f € & and satisfying

R {1 + ZDnAf (Z)} >
DZ),\JH (2)

ZD" Af” (2)
Dt f'(2)

(16)

zel,

is denoted by #€7" ,((, 1), where { >
(+n=0.

On the other hand, we introduce the correspondence
class of $ 7 , ({, #) as follows.

0, # € [0,1) and

Definition 2. The complex functions f € & and satisfying
zD! z

52 { haf" € )}
,Af (2)

is denoted by S 77, ({, %), where { 2 0, 1 € [0,1) and {+# >
0.

zD), )Lf (2) 1’

D, f(2) (17)

zel,

It is clear that the complex function f € %677, ,((,n)
if and only if zf' € &% ,((,n) and that €7, ,((,n) <

CS)@Z,,\(C, ).
From (16) and (17), the complex functions f €
UCT,,(Cn) and f € SP,((n) if and only if

1+2zD" /\f"(z)/D" Af (z) and zD" Af (z)/D 2 f (2), respec-
tively, laylng in the conic domain R(, given in (12). Indeed,
the conic domain R, is lying entirely in the right half plane,
which allows us to write conditions (16) and (17) as follows.

p < Fpy (18)
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By virtue of (16) and (17) and the behavior of Ry, we

obtain
m{nZD 1] (Z)}>C+", zelU,  (19)
D, f(2) 1+¢
2R<|ZD Af (z)}>(+;1’ z el (20)
oc,/\f(z) 1+(

which means that

feUe?,(Cn) =

ocAfG%(C_'_Z)—%’
fesP,n) =

5§,Afeé’*(c+2’>c§ e

(21)

Conditions (19) and (20) led to the following inclusion
relations, respectively.

UCT ) ($m) € G <%§) ,
. (23)
s @) e 52 (T

3. Uniformly Starlike Functions
This section concerns the class § %, , (¢, ) and its properties,

namely, inclusion relation and coefficient bounds.

3.1 Inclusion Relation. In this subsection, we study the
inclusion relations. The following lemmas pave the way for
doing so.

Lemma 3 (see [11]). Let f and g be starlike of order 1/2. Then
sois f % g.

Lemma 4 (see [12]). Let f and g be univalent starlike of order
1/2. Then, for every function F € of, we have

f(2)xg(2)F(2)
f(2)*g(2)

where co denotes the closed convex hull.

€co(F (), (24)

Lemma 5 (see [12]). Let f and g, respectively, be in the classes
€ and S*. Then, for every function F € of, we have
f(2)xg(2)F(2)
@) *g(2)

Lemma 6 (see [13]). Let a and b be complex constants and h
univalent convex in U with h(0) = ¢ and

€ o (F (U)). (25)

R (ah(z) + b) > 0. (26)

3
Let g(2) = ¢ + Y2, b.2" be analytic in U. Then
!
zg (2)
_— . 27
g(Z)+ag(Z)+b h(z) (27)
implies g(z) < h(z).
Lemma?7. Let R* f(z) € SF,({,n) and
0 kZ
—|a| < 1. 28
,;C oo 1o (28)
Then f € Sy, (C,n).
Proof. Let R* f(z) € P, ,(,n). Then
—_ !
z(D”,R*
w (L) cR,, (29)
D R f

and from (22) we see that D" waR f(2) € 8. We can write
el " f(z) in terms of D" AR as follows:

Dl f(2)=(RY" f(2)« DR f(2),  (30)

and, by convolution properties, we obtain

(D, f @) = (R f(2) » 2 (DR f (2)) . (B
Using Lemma 5 we obtain
z(ﬁgx/\f(z)), _
BZAf (2)

LB @+ (2(DiRS @) ID4R @) DiR S (2 ) 3
R (R*)™ £ (2) * DI R (2)

(R f (@) » 2 (DL, R (2)'
(R f(z) = DDMR"‘f (2)

Therefore, f € S, (. ). O

Theorem 8. Let 0 < A < (1+{)/(1—n) and

00 2

k
me <L (33)

k=2

Then
P (Gm) € 8Py (Gom).- (34)

Proof. Let f(z) € SP, "'({,n). Then the geometric inter-
pretation (18) can be wrltten in the following subordination
relation.

(B f @)

= <P (35)
Dy f(z)

N



By the definition of D" w1 (2), we obtain
Dy f(z)=(1-1) D}, ,R*f ()
AR F (@)
=Dy R f (2) -
"R ()
(Do R f () - M(DL,Rf (2) (36
Az (DL, R f (2))
A (DR (2)
= (DL, R f (2)

+)Lz(5

+ Az (D (
AﬁZ)AR“f (2)
+ Az (D (

( n+1f (Z))

"R (2)

With the notation of p(z) = z(ﬁz)AR“f(z))'/5Z)AR“f(z), we
have

z (EZ JRYf (z))”

=1-pe)+ —— . (37)
p(2) P (D" ,R*f (2))
Thus we obtain
ntl ! i
2(Duif @) . 0 C N
Dl f (2) (1-2)+2Ap(2)

If A = 0, then from (35) and (38)

R, f(2) € 87, (). (39)

If A # 0, we can write by (35) and (38)

p(2)+ -zp' (2) < Py, (40)

1
(I-A)/A+p(2)
Thereby, Lemma 6 and condition (20) imply p < P, for 0 <
A< (1+0)/(1-n),since P, is univalent and convex in U.

Thus, R}, f(z) € &P,,((n). Therefore, f(z) ¢
S (§, 1) by Lemma 7. O

Corollary 9. Let0 <A < (1+{)/(1 —#) and

o g2
kzzm ] < 1. (41)

Then
Por (§11) € SPop (Gm) - (42)
Proof. The result is obtained by using Theorem 8. O
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Remark 10. Considering the parameters 1, «, and { by certain
values, new results are obtained as follows.

(1) Consider o = 0 in Theorem 8; we obtain, for 0 < A <

(1+0)/A-n),

SP (Gon) € SP(Gom)- (43)

(2) Consider { = 0 in Theorem 8; we obtain, for 0 < A <
1+0)/(1-n),

S (0,17) € S35 (0,7). (44)

Paving the way to prove next theorem, we provide the
forthcoming lemma.

Lemma 11. If the complex function f € S, ,((,n), then

D! f(z) € &* whenever { and n lie, respectively, in [0, 1) and
[1/2 1) or [0, 00) and [0, 1).

Proof. The results follows immediately from (20) where ({ +
n)/(1 + {) > 1/2 under the restriction of the value of { and
7. O

Theorem 12. Let0 <y < < 1 and
—— | < 1. (45)

Then

SPpr (Gm) €SP, (Com)s (46)

where [(0<{ < land1/2<n)or({>1and0<n<1)].

Proof. Let f € S, ,({,n). Then by the definition of D! e
and the convolution properties, we have

Dy f (2) = W «(R) f(2) = f(2)
* %z;ﬁf * (7 * f(2)
- T ® @ o
« D), f (2),
(D5 f (2) = ﬁ « (R % £ (2)

z(D}, f (z))’ :
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By Lemma 11 we have 5Z’Af(z) € §%(1/2). Using Lemma 4,
we obtain

5;:,1]( (2)

5
2(Dif@) 2l (-2« (R f(2) * f(2) v 2(D2yf (2)
2/ (1=2)""" % (R f(2) * f (2) * D", f (2)
- (R S @ f@) # (2(Dhsf @) 1D f ) D @) (48)

2/ (1-2)*" % (R f(2) * f (2) * D f (2)

e@(M ([U)> C Ry,

DisS

Therefore, f € SP,,((,n). O

Corollary 13. Let = 0. Also let [(0 < { < 1 and 1/2 < n) or
((=1and0<n<1)]and

© 2
,;m |a] < 1. (49)

Then
Pur (Gn) € SF5 (Eom). (50)
Proof. The results follows by Theorem 12. O

Remark 14. Considering the parameters n,a, A, and { by
certain values, new results are obtained as follows.

(1) Consider n = 1 and A = 0 in Theorem 12; we obtain,
for0<u<ac<l,

SPoo (§11) € 8P, (Gm), (51)

where [(0<{<land1/2<p)or({>1and0<y<
1]

(2) Consider ¢ = 0 in Theorem 12; we obtain, for 0 < y <
a<l,

Sar (0.1) € 8.7 (0,1), (52)
where 0 <7 < 1/2.

3.2. Coefficient Bounds. In this subsection, we obtain the
coeficient bounds of those functions belonging to the class

S PG
Theorem 15. A complex function f € o isin SP, ,({,n) if

(o)

Y k@ +0) = (C+m][1+AKk=DI"C(ak) |a]’

k=2

<l-n

Proof. Tt suffices to show that

S
(54)

D' f(2) D, f (2)
<l-n.
We have
QAN (.I?Z’Af(z)), Cq|om B E) (?Z"Af(z)), -1
Dy, f(2) Dy, f (=)

<(1+0

z (52,,\]‘ (z))l ) 1‘

Dy, f(2) (55)

TR -+ A k- D7 C (. k) |y |21
N 1= Y2, [+ A (k= D" C (k) a2

i OYX, (k-=1)[1+A(k-1]*"C (k) |a*
1-Y2 1+ A (k=D Cla k) |a|*

Using condition (53), last expression is bounded above by (1-
1) O
4. Uniformly Convex Functions

This section concerns the class # €7, , ({, 1) and its proper-
ties, namely, inclusion relation and coefficient bounds.

4.1. Inclusion Relation. The forthcoming lemma paves the
way to provide the inclusion relations in class Z €77, , ({, ).

Lemmal6. Let R, , f(z) € U€V, ,((,n), and

0 k2
];—C o) |a| < 1. (56)

Then f € UCT 5 (C,n).



Proof. In virtue of Lemma 7, the following implication is
done.

Rf (2) € 4G7 ", (L)
— z(R'f (2)) € ST, (&)
—=z(Rf) (@) e ST, (&) (57)
— zf' (2) € STy, (¢o1)
= f(2) e UGV, (1)
Therefore, f(z) € €77, ,({,n). O

Theorem17. Let0 < A < (1 +()/(1 —#) and

© g2
k;m |ag| < 1. (58)

Then
UCT 5 () € UGy, (Gn). (59)

Proof. In virtue of Lemma 3, the following implication is
done.

f2) e %7 ()

= zf' (2) € 053@:}1 (¢n)

(60)
= zf' (2) € SZ, ((,n)
= f(2) € UCT ", ({im).
Therefore, f(z) € 467", ,((,n). O
Corollary18. Let 0 < A < (1 +{)/(1 —#) and
iﬁzk) |ag| < 1. (61)
Then
UCT ) (§1) S UCT oy ($om). (62)
Proof. The result follows by using Theorem 17. O

Remark 19. By giving the parameters n,«, and { certain
values, new results are obtained as follows.

(1) Consider a = 0 in Theorem 17; we obtain, for 0 < A <

(1+0)/(1-n),

UGV () < UCGT (). (63)

(2) Consider ¢ = 0 in Theorem 17; we obtain, for 0 < A <
1 +0)/(1=n),

G (1) € G (n). (64)
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Theorem 20. Let0 < u < « < 1 and

0 k2
kz:zm |ak| < 1. (65)
Then
UCT o) (Gn) CUCT,, (8on), (66)

where [(0<{ <land1/2<n)or({>1and0<n<1)].

Proof. The results are obtained using Theorem 12 and apply
Alexander relation. O]

Corollary 21. Let [(0 < { < 1and 1/2 < n) or ({ = 1 and
0 <y <1)]. Then

UCT o) (Ln) < UET, (Gom).- (67)
Corollary 22. Let0 < u < « < 1. Then

UCTV ) (§n) CUBT 5 ($n)s (68)
where [(0<{<land1/2<n)or({>1and0<n<1)].

Remark 23. By giving the parameters n,«, A, and { certain
values, we obtain new results as follows.

(1) Consider n = 1 and A = 0 in Theorem 20; we obtain
for0<pu<a<l,

UGV oo (1) S UG,y (o), (69)

where [(0<{<land1/2<p)or({>1and0<y<
1)].

(2) Consider { = 0 in Theorem 20; we obtain for 0 < p <
a<l1,

@, (0,1) €€, (0.1), (70)

where 0 <7 < 1/2.

4.2. Coefficient Bounds. In this subsection, we obtain the

coeficient bounds of those functions belonging to the class
%%%Z’A (C) ’7)

Theorem 24. A complex function f € o isin UCV", /\(C )
if

Yklk(1+0) = (C+m][1+AK-DI"Clak)|al
k=2

<l-n

Proof. The result follows from Theorem 15 and the following
relation:

feUGT™, (L) =
(&m).

(72)
zf € ST,

O
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5. Conclusion

This paper introduced two classes of uniformly geometric
functions of order # type (. Literally speaking, convex and
starlike uniformly functions of order # type { were introduced

by involving the constructed differential operator 52) 5~ Also,
the geometric interpretation of these functions was given.
Finally, two properties of each class were investigated, namely,
inclusion relations and coefficient bounds.
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